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Decision Trees for Mining Data Streams
Based on the Gaussian Approximation
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Abstract—Since the Hoeffding Tree algorithm was proposed in literature, decision trees became one of the most popular tools
for mining data streams. The key point of constructing the decision tree is to determine the best attribute to split the considered
node. Several methods to solve this problem were presented so far. However, they are either wrongly mathematically justified
(e.g. in the Hoeffding Tree algorithm) or time consuming (e.g. in the McDiarmid Tree algorithm). In this paper we propose a new
method which significantly outperforms the McDiarmid Tree algorithm and has a solid mathematical basis. Our method ensures,
with a high probability set by the user, that the best attribute chosen in the considered node using a finite data sample is the
same as it would be in the case of the whole data stream.

Index Terms—Data steam, decision trees, information gain, Gaussian approximation
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1 INTRODUCTION

DATA stream mining [1], [4], [8], [10] - [12], [23]
became recently a very challenging task in the

data mining community. Unlike the static dataset,
data stream is of infinite size. Data elements arrive to
the system continuously, often with very high rates.
Moreover, the concept of data can evolve in time,
what is known as the concept drift [2], [3], [9], [16],
[20], [29]. For these reasons, commonly known data
mining algorithms cannot be directly applied to the
data streams. In this paper we focus on a classification
task [5], [13], [19], [26], [31] as one of the data mining
techniques. The classification process is composed of
two steps: learning from the training dataset and
labeling the unclassified data. The training dataset S
consists of n elements sj , j = 1, . . . , n, characterized
by D attributes a1, . . . , aD. Additionally, one of the K
classes is assigned to each data element. Each attribute
ai, i ∈ {1, . . . , D} takes values from the corresponding
set Ai. Hence, the training data element sj can be
expressed in the form

sj =
(
[v1j , . . . , v

D
j ], kj

)
, vij ∈ Ai, kj ∈ {1, . . . ,K}, (1)

• L. Rutkowski is with the Department of Computer Engineering,
Czestochowa University of Technology, ul. Armii Krajowej 36,
42-200 Czestochowa, Poland, and also with Information Technology
Institute, Academy of Managment, 90-113 Łódź, Poland (e-mail:
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where vij is the value of attribute ai for data element
sj . The training dataset is used to construct the clas-
sifier, which labels the unclassified data elements.

In literature a multitude of classification methods
for static data were proposed, e.g. k-nearest neigh-
bors [6], [22], neural networks [14], [27] or decision
trees [5], [24], [25]. Classifiers based on decision trees,
considered in this paper, seem to be one of the most
effective. The decision tree is composed of nodes,
branches and leaves. Every node, which is not ter-
minal, is accompanied by some attribute ai. The tree
can be either binary or non-binary. If the tree is
binary, the node is split into two children nodes (or
leaves). In the second case, the node has as many
children as the number of elements of set Ai. Children
are connected with their parent nodes by branches.
To each branch a value of attribute ai (in the non-
binary case) or some subset of Ai (in the binary
case) is assigned. It is obvious, that the non-binary
trees make sense only if the attributes take nominal
values. Depending on attribute values assigned to the
branches, the training set is partitioned into subsets,
which are sent down to the corresponding children
nodes to continue the process of tree growth. The
terminal nodes of the tree, called leaves, are used to
assign a class to the unclassified data elements. The
key point in constructing the decision tree is choosing
the best attribute to split the considered node. In
the majority of proposed algorithms, the choice is
based on some impurity measure of the dataset. For
all the possible partitions of the node, the impurity
of the data set before the split and the weighted
impurity of the resulting subsets are calculated. The
difference of these values is a split measure function.
The attribute which gives the highest value of this
function is called the best attribute and is assigned
to the considered node. In the ID3 algorithm [24], the
information entropy is taken as the impurity measure.
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The corresponding split measure function is called
the information gain or the entropy reduction. The
main disadvantage of the ID3 algorithm, which pro-
duce non-binary trees, is that it favors the attributes
with large domain of possible values. To cope with
this problem, the C4.5 algorithm [25] was proposed.
The main idea is to introduce the split information
function, which penalizes the attributes with large
domains. The ratio of the information gain and the
split information is proposed as the split measure
function in the C4.5 algorithm. The Gini index is
another impurity measure worth the consideration. It
is used in the CART algorithm [5], which is intended
to develop binary trees. Therefore it can be applied to
the numerical data as well as to the data with nominal
attribute values.

The algorithms mentioned above are designed for
static datasets and cannot be directly applied to the
data streams. Significant modifications are needed.
The dominant problem is to establish the best attribute
in each node, since the stream is of infinite size. Given
the dataset of n elements in considered node, we
want to know if the best attribute computed from this
dataset is also the best attribute for the whole data
stream, with some fixed probability 1−δ. Referring to
the only two papers which constitute the ‘state of the
art’ in this subject (for details see section 2), the main
and original result of this paper can be summarized
as follows,

i) In [28] the authors have recently proposed a
method based on the McDiarmid’s inequality
[21]. However, the choice of the best attribute
requires very large number of data elements n
in the considered node. The method proposed in
this paper, supported by Theorem 1, allows to
reduce the value of n dramatically, comparing
with [28], with the same probability 1 − δ. In
Example 2 in section 2 the result obtained for this
method is almost 4000 times better than result
obtained using the McDiarmid’s bound.

ii) Another method, based on the Multivariate Delta
Method, was proposed in [17]. Although the idea
was promising, the result was incorrect and not
applicable to the problem of constructing deci-
sion trees for data streams. Following partly the
authors’ idea [17], in our paper we propose the
statistical method for determining the best at-
tribute in a node, which ensures the highest value
of split measure function with significantly high
probability. In our method we use the Taylor’s
Theorem and properties of the normal distribu-
tion [18], [30].

Since the ID3 algorithm provides the background
of our method, it will be now briefly presented. The
ID3 algorithm is initially intended to produce non-
binary trees, however it can be easily transformed to
the binary mode. For the needs of this paper we focus

only on the binary case, however all the presented
methods can be adapted to non-binary trees as well.
The algorithm starts with a single node L0 - the root.
During the learning process, in each created node Lq
a particular subset Sq of the training dataset S is
processed (for the root S0 ≡ S). If all elements of set Sq
are of the same class, the node is tagged as a leaf and
the split is not made. Otherwise, according to the split
measure function, the best attribute to split is chosen
among the available attributes in considered node. For
each available attribute ai, the set of attribute values
Ai is partitioned into two disjoint subsets AiL and
AiR (Ai = AiL ∪ AiR). The choice of AiL automatically
determines the complementary subset AiR, therefore
the partition is represented further only by AiL. The
set of all possible partitions of set Ai is denoted by
Vi. Subsets AiL and AiR divide the dataset Sq into two
disjoint subsets: left Lq(AiL) and right Rq(A

i
L).

Lq(A
i
L) = {sj ∈ Sq|vij ∈ AiL}, (2)

Rq(A
i
L) = {sj ∈ Sq|vij ∈ AiR}. (3)

Sets Lq(AiL) and Rq(A
i
L) depend on a chosen attribute

and partition of its values. Let pL,q(AiL) (pR,q(AiL))
denote the fraction of data elements from Sq , which
belong to the subset Lq(AiL) (Rq(A

i
L)). Since the frac-

tions pL,q(AiL) and pR,q(A
i
L) are dependent, i.e.

pR,q(A
i
L) = 1− pL,q(AiL), (4)

only one of these parameters is needed to be con-
sidered, e.g. pL,q(AiL).The fraction of elements from
Lq(A

i
L) (Rq(A

i
L)) from class k, is denoted by pkL,q(AiL)

(pkR,q(AiL)). The fraction of all data elements Sq in
considered node Lq , from class k, is denoted by pk,q .
Note that pk,q are not dependent on chosen attribute
ai and partition AiL. As it was mentioned previously,
the impurity measure used in the ID3 algorithm is
the information entropy. For any subset Sq of training
dataset the entropy is given by

Ent(Sq) = −
K∑
k=1

pk,q log2 pk,q, (5)

with condition that if pk,q = 0, then pk,q log2 pk,q =
0. Furthermore, the weighted entropy of subset Sq ,
resulting from the choice of partition AiL, is defined
as follows

wEnt(Sq, A
i
L) = pL,q(A

i
L)Ent(Lq(A

i
L)) (6)

+ (1− pL,q(AiL)Ent(Rq(A
i
L)),

where entropies of sets Lq(A
i
L) and Rq(A

i
L) are given

analogously as in (5), i.e.

Ent(Lq(A
i
L)) = −

K∑
k=1

pkL,q(A
i
L)) log2 pkL,q(A

i
L)), (7)
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Ent(Rq(A
i
L)) = −

K∑
k=1

pkR,q(A
i
L)) log2 pkR,q(A

i
L)). (8)

The information gain, which is used as a split measure
function in the ID3 algorithm, is defined as a differ-
ence between entropy (5) and the weighted entropy
(6). It is dependent on the chosen partition AiL of
attribute ai

g(Sq, A
i
L) = Ent(Sq)− wEnt(Sq, AiL). (9)

Among all the possible partitions AiL of set Ai, the
one which maximizes the value of information gain
is chosen

ÃiL,q = arg max
Ai

L
∈Vi

{g(Sq, AiL)}. (10)

The partition ÃiL,q is called the optimal partition of
set Ai for the subset Sq of training dataset. This
optimal partition generates subsets Liq ≡ Liq(Ã

i
L,q) and

Ri
q ≡ Ri

q(Ã
i
L,q). The value of gi,q = g(Sq, Ã

i
L,q) is

called the information gain of subset Sq for attribute
ai. Among all the available attributes in the node
Lq , the one with the highest value of information
gain is chosen. The node Lq is split into two children
nodes Llast+1 and Llast+2, where last is the index of
the node created recently in the whole tree. Let us
assume that the highest value of information gain is
obtained for attribute ax, x ∈ {1, . . . , D}. Then all the
calculations described above are performed in node
Llast+1, using the subset Slast+1 = Lxq , and in node
Llast+2, using the subset Slast+2 = Rx

q . The list of
available attributes in nodes Llast+1 and Llast+2 is
taken from the node Lq , with the exception of the
attribute ax. The considered node Lq is not split if
one of the following two conditions occurs:
• the list of available attributes in the node contains

only one element,
• all the elements from the subset Sq are from the

same class.
The rest of the paper is organized as follows. The

related works on considered subject are reviewed in
section 2. In section 3 the main result of this paper
is presented and some examples are shown. Section
4 presents the Gaussian Decision Tree (GDT) algo-
rithm, based on the idea proposed in [7]. Experimental
results are shown in section 5 and conclusions are
described in section 6.

2 RELATED WORKS

The adaptation of the ID3 algorithm (and any other
algorithm based on decision trees) to data streams is a
very difficult task. The main problem is to estimate the
values of split measure function in each node, since
the corresponding subsets of training dataset grow
continuously. In the case of data streams, the values

of information gain should be calculated, theoretically
on a basis of infinite training dataset. Obviously it is
not possible, therefore these values have to be esti-
mated from the data sample available in the consid-
ered node. As a result, one can decide which attribute
is the best only with some probability. In literature few
attempts to solve this problem were presented so far.

a) The main result of the work of P. Domingos
and G. Hulten was the commonly known al-
gorithm called ’Hoeffdings trees’ [7] for mining
data streams. It was derived from the Hoeffding’s
bound [15] which states that with probability 1−δ
the true mean of a random variable of range R
does not differ from the estimated mean, after n
observations, by more than

εH =

√
R2 ln 1/δ

2n
. (11)

However the Hoeffding’s bound in not an ade-
quate tool to solve the problem of choosing the
attribute according to which the split should be
made. In [28] the authors have noticed that it
is proper tool only for numerical data ,which
does not necessarily have to be met. The second
problem is the form of the split measures like
information gain and Gini index. Both measures
can not be expressed as a sum of elements and
they are using only the frequency of elements.

b) In work [17] another method of finding the best
attribute was proposed. For convenience, in the
following text the situation in one particular node
will be considered. Hence the node index q will
be omitted in all notations introduced before.
Let gx and gy be the values of information gain
for attributes ax and ay , computed using a data
sample in a considered node. Such quantities are
random variables, whereas gx and gy are their
expected values, respectively. The authors of the
discussed paper [17] noticed that the value gx can
be approximated by a normal distribution

gx −→ N

(
gx,

τ2x
n

)
, (12)

where n is the number of elements in the sample
and τ2x/n is a variance of this distribution (dis-
cussed later). Therefore, the difference gx − gy
can be approximated by the following normal
distribution

gx − gy −→ N

(
gx − gy,

τ2x + τ2y
n

)
. (13)

To decide, if the attribute ax gives higher value
of information gain than attribute ay , the authors
proposed an appropriate statistical test, based on
distribution (13). To justify approximation (12),
the authors made use of the Multivariate Delta
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Method.

Multivariate Delta Method
Let X1, . . . , Xn be a random sample. Let Xi =
X1i, . . . , Xpi. Further, let E(Xij) = µi and
Cov(Xik, Xjk) = σij . Let Xi be the mean of
Xi1, Xi2, . . . , Xin and let ~µ = (µ1, . . . , µp). For
a given function h with continuous first partial
derivatives, we have

h(X1, . . . , Xp)− h(~µ)→ N(0, τ2/n), (14)

where

τ2 =
∑∑

σij
∂h(~µ)

∂µi

∂h(~µ)

∂µj
. (15)

Particularly, the information gain function g is an
example of function h. The authors considered
only two-class problem for binary trees. In this
case, for a chosen attribute, p = 3:
(i) X1i = 1 if the i-th element passes through the

left branch and X1i = 0 otherwise,
(ii) X2i = 1 if X1i = 1 and the i-th element is

from the first class and X2i = 0 if X1i = 1
and the i-th element is from the second class

(iii) X3i = 1 if X1i = 0 and the i-th element is
from the first class, X3i = 0 if X1i = 0 and
the i-th element is from the second class.

Therefore, g is a function of three variables:
(i) pL - fraction of elements passing through the

left branch,
(ii) p1L - fraction of elements passing through the

left branch, from the first class,
(iii) p1R - fraction of elements passing through the

right branch, from the first class.
The estimated values of pL, p1L and p1R, calcu-
lated from the sample, are denoted by pL, p1L
and p1R, respectively. To prove the approximation
(12), the authors in [17] proposed the following
lemma
Lemma 1: Let n be the sample size and N be
the normal distribution. Then, for the entropy
function g, we have1

gx = g(pL, p1L, p1R)→ N
(
gx, τ

2
x/n

)
, (16)

where

τ2x =

(
∂g

∂pL

)2

pL(1− pL) +
(

∂g

∂p1L

)2

p1L(1− p1L)

+

(
∂g

∂p1R

)2

p1R(1− p1R). (17)

However, the use of the Multivariate Delta
Method to prove the above lemma (equivalent

1. The authors faultily named the function g as the entropy
function. Actually in this case g is the information gain function.

to approximation (12)) requires that pL = X1,
p1L = X2 and p1R = X3. Unfortunately, authors
do not say clearly how to calculate p1L and p1R
from the sample. There are two possibilities:

– p1L is calculated only from nL elements,
which pass through the left branch (nL < n),
and p1R is calculated from the remaining
n − nL elements. In this case, approxima-
tion (16), with τ2x given by (17), is incorrect,
because the assumption of the Multivariate
Delta Method is not satisfied (p1L 6= X2 and
p1R 6= X3),

– p1L and p1R are calculated from the whole
sample of n elements. But, in this case, we
do not know what are the values of X2i when
X1i = 0 (the i-th element passes through the
right branch) and X3i when X1i = 1 (the i-
th element passes through the left branch).
Moreover, no matter what value they would
take, p1L = X2 and p1R = X3 are not estima-
tors of p1L and p1R. Then g(pL, p1L, p1R) can
not be a split measure function.

In the reasoning of the authors there is one more
weak point. They omitted the issue of computing
τ2x . Formula (17) requires the knowledge of pL,
p1L and p1R. In general case these values are
unknown. One way to solve this problem is to
estimate τ2x from the sample, but the authors do
not even propose such an estimator. Our solution
to this problem is to find an upper bound of τ2x .

c) In [28] the authors have worked on correcting
the mathematical foundations of the Hoeffding’s
trees. They propose the McDiarmid’s inequality
to solve the problem of choosing the best attribute
to make a split in the node. Authors define the
function f(S) as

f(S) = Gainax(S)−Gainay (S) > 0. (18)

The main result of their paper is the Theorem 1
which states, that for any fixed δ and any at-
tributes ax and ay , if

εM = CGain(K,n)

√
ln(1/δ)

2n
, (19)

then
Pr(f(S)− E[f(S)] > εM ) ≤ δ, (20)

where K is the number of classes and

CGain(K,n) = 6(K log2 eN + log2 2N) + 2 log2K.
(21)

It means that for any fixed δ, if f(S) > εM , then
attribute ax is better to split than attribute ay with
probability 1− δ.

3 MAIN RESULT

In this paper we partly follow the idea presented
in [17]. In this section we describe a method for
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determining the upper bound of τx, given by (17), for
each attribute ax. This allows to propose a statistical
test, used to determine which attribute is best to
split the node, with some probability given by the
user. For convenience we limit ourselves to the case
of two classes, i.e. K = 2. This simplification can
significantly facilitate the calculations. In the two-
class case, analogously to condition (4), the following
constraints are true as well

p2L(A
i
L) = 1− p1L(AiL), (22)

p2R(A
i
L) = 1− p1R(AiL), (23)

p2 = 1− p1. (24)

Therefore, only three of these six parameters are con-
sidered further, i.e. p1L(AiL), p1R(A

i
L) and p1. Note

that p1 does not depend on chosen attribute ai and
partition AiL, however it can be expressed as a func-
tion of pL(AiL), p1L(A

i
L) and p1R(A

i
L) as follows

p1(pL, p1L, p1R)= pL(A
i
L)p1L(A

i
L) (25)

+(1− pL(AiL))p1R(AiL).

For any dataset X, consisting of elements belonging
to one of two classes, its entropy can be calculated
using the following formula

Ent(P1) = −P1 log2 P1 − (1− P1) log2(1− P1), (26)

where P1 denotes the fraction of elements from X
of the first class. Therefore entropies (5), (7) and (8)
became the functions of one variable, i.e. Ent(p1)
for (5), Ent(p1L(AiL)) for (7) and Ent(p1R(A

i
L)) for

(8). The information gain for attribute ai and for
subset AiL can be expressed as a function of the three
parameters mentioned above

g(AiL) = g(pL(A
i
L), p1L(A

i
L), p1R(A

i
L))

= Ent(p1(pL(A
i
L), p1L(A

i
L), p1R(A

i
L)))

− pL(AiL)Ent(p1L(AiL))
− (1− pL(AiL))Ent(p1R(AiL)), (27)

as we omit Sq in equation (9).
The optimal partition of set Ai is established analo-
gously as in (10)

ÃiL = argmax
Ai

L

{g((pL(AiL), p1L(AiL), p1R(AiL)}. (28)

The following notation for fractions associated with
the optimal partition is introduced:

[
piL, p

i
1L, p

i
1R

]
=
[
pL(Ã

i
L), p1L(Ã

i
L), p1R(Ã

i
L)
]

(29)

The value of gi = g(piL, p
i
1L, p

i
1R) is called the infor-

mation gain for attribute ai.
Parameters piL, pi1L and pi1R are estimators of piL, pi1L

and pi1R respectively. They can be treated as appropri-
ate arithmetic means of some independent random
variables from binomial distributions. Let us consider
the data elements sj from data set S, j ∈ {1, ..., n}. We
define the random variable ζi,jL , which is equal to 1 if
sj ∈ Li and 0 otherwise. Variable ζi,jL is from binomial
distribution with mean µiL = piL and variance

(
σiL
)2

=

piL(1− piL). Similarly we define random variables ζi,j1L

(for elements lj from set Li, j ∈ {1, ..., niL}) and
ζi,j1R (for elements rj from set Ri, j ∈ {1, ..., niR}),
from binomial distributions with means µi1L = pi1L,
µi1R = pi1R and variances

(
σi1L
)2

= pi1L(1 − pi1L),(
σi1R

)2
= pi1R(1 − pi1R), respectively. Variable ζi,j1L is

equal to 1 if lj is from the first class and ζi,j1R equals 1
if rj is from the first class.

Lemma 2: If function g(pL, p1L, p1R) is an informa-
tion gain, given by formula (27), then the value
gi = g(piL, p

i
1L, p

i
1R) can be approximated by normal

distribution

gi −→ N

(
gi,

(
τ iL
)2
n

+

(
τ i1L
)2

niL
+

(
τ i1R
)2

niR

)
, (30)

where

(
τ iL
)2

=

(
∂g

∂pL

)2 (
σiL
)2
, (31)

(
τ i1L
)2

=

(
∂g

∂p1L

)2 (
σi1L
)2
, (32)

(
τ i1R
)2

=

(
∂g

∂p1R

)2 (
σi1R

)2
. (33)

Proof: Parameters piL, pi1L and pi1R are estimated
from the data sample in considered leaf node as
follows

piL =

∑n
j=1 ζ

i,j
L

n
, (34)

pi1L =

∑ni
L
j=1 ζ

i,j
1L

niL
, (35)

pi1R =

∑ni
R
j=1 ζ

i,j
1R

niR
, (36)

For big values of n, niL and niR distributions of piL, pi1L
and pi1R, according to the Central Limit Theorem, can
be approximated by appropriate normal distributions

piL −→ N

(
µiL,

(
σiL
)2

n

)
, (37)
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pi1L −→ N

(
µi1L,

(
σi1L
)2

niL

)
, (38)

pi1R −→ N

(
µi1R,

(
σi1R

)2
niR

)
. (39)

For big values of n, niL and niR one can assume,
that the values of piL, pi1L and pi1R are very close to
their expected values µiL, µi1L and µi1R. Therefore one
can apply the Taylor Theorem for information gain in
neighborhood of point (pL, p1L, p1R) = (µiL, µ

i
1L, µ

i
1R)

as follows

g(piL, p
i
1L, p

i
1R) ≈ g(µ

i
L, µ

i
1L, µ

i
1R) (40)

+
∂g(µiL, µ

i
1L, µ

i
1R)

∂pL
(piL − µ

i
L)

+
∂g(µiL, µ

i
1L, µ

i
1R)

∂p1L
(pi1L − µ

i
1L)

+
∂g(µiL, µ

i
1L, µ

i
1R)

∂p1R
(pi1R − µ

i
1R).

Therefore, according to (37), (38), (39) and (40), the
distribution of random variable g(piL, p

i
1L, p

i
1R) can be

approximated by normal distribution as in (30). This
completes the proof.

Knowing that niL = npL and niR = n(1 − pL), the
variance of normal distribution (30) can be further
simplified as follows

(
τ iL
)2
n

+

(
τ i1L
)2

niL
+

(
τ i1R
)2

niR
=

(
τ iL
)2

+
(τ i

1L)
2

pi
L

+
(τ i

1R)
2

1−pi
L

n

=
(τi)

2

n
. (41)

Convergence (30) can be rewritten as follows

gi −→ N

(
gi,

(τi)
2

n

)
. (42)

Let us define a threshold th as a fraction of elements
of the first class (p1), below which we assume that
there is no need for splitting the node. Therefore, all
the calculations are performed only if the following
inequality is satisfied

1− p1
p1

≤ 1− th
th

= C. (43)

For example, for threshold value th = 0, 05, C is equal
to 19. To simplify the form of the following theorem,
we introduce Q(C) as

Q(C) =
log22 e

2

Ce2
+

log22 e
2

e2
+

log2 e

e
+

log22(2C)

4
. (44)

Theorem 1: Let us consider two attributes ax and ay ,
for which we have calculated the values of informa-
tion gain gx = g(pxL, p

x
1L, p

x
1R) and gy = g(pyL, p

y
1L, p

y
1R).

If the difference of these values satisfies the following
condition

gx − gy > ε, (45)

where

ε = z(1−δ)

√
2Q(C)√
n

(46)

and z(1−δ) is the (1 − δ)-th quantile of the standard
normal distribution N(0, 1), then gx is greater than gy
with probability 1− δ. If ax and ay are attributes with
the highest values of information gain, then ax can
be chosen to split the considered leaf node, with the
level of confidence 1− δ.

Proof: The difference of values gx and gy is from
the normal distribution

gx − gy −→ N

(
gx − gy,

(τx)
2
+ (τy)

2

n

)
.

We do not know the true value of mean gx−gy . Ac-
cording to properties of the normal distribution [30],
the following inequality is satisfied with probability
1− δ

gx − gy < εx,y(1−δ) + (gx − gy), (47)

where

εx,y(1−δ) = z(1−δ)

√
(τx)

2
+ (τy)

2

√
n

. (48)

Obviously inequality (47) can be expressed in the
following form

gx − gy > (gx − gy)− εx,y(1−δ) (49)

This leads to the conclusion: If

εx,y(1−δ) < gx − gy, (50)

then

gx − gy > 0 (51)

with probability 1 − δ. We will show that ε given by
(46) is the upper bound of εx,y(1−δ).

εx,y(1−δ) ≤ ε (52)

In consequence, if

gx − gy > ε (53)

then inequality (51) is still satisfied with probability
1−δ. Therefore, one can say that if the inequality (53)
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is true, then gx > gy with probability 1 − δ. Now we
will prove inequality (52).

From (27) we have

∂g

∂pL
= − (p1L − p1R) log2 p1 (54)

− (p1R − p1L) log2 e(1− p1) + p1L log2 p1L

− (1− p1L) log2(1− p1L)
− p1R log2 p1R + (1− p1R) log2(1− p1R).

If the fraction of elements of the first class (p1) is
lower than a certain threshold th (or equivalently
higher than 1 − th), then we assume that there is
no need for splitting the tree node. Therefore, all
the calculations are performed only if the following
inequality is satisfied

th < p1 < 1− th. (55)

According to inequality (43), we can bound the
absolute value of partial derivative in (54) as follows

∣∣∣∣ ∂g∂pL
∣∣∣∣ ≤ ∣∣∣(p1R − p1L) log2 p1

1− p1
(56)

− Ent(p1L) + Ent(p1R)
∣∣∣ (57)

≤ |(p1L − p1R)| log2 C
+ |Ent(p1L)− Ent(p1R)| (58)
≤ log2 C + 1 (59)

Therefore

(
∂g

∂pL
)2pL(1− pL) ≤ (log2 C +1)2

1

4
=

(log2 2C)
2

4
(60)

This inequality is satisfied for every attribute. There-
fore, for any chosen attribute ai, we obtain a bound
for the value of τ iL (see equation (31))

(τ iL)
2 ≤ (log2 2C)

2

4
. (61)

According to (26), we have

∂Ent(p1)

∂p1L
= − ∂p1

∂p1L
log2 ep1 −

∂p2
∂p1L

log2 ep2

= −pL log2 ep1 + pL log2 ep2

= pL log
1− p1
p1

. (62)

Therefore

∂g

∂p1L
= pL log2

1− p1
p1

+ pL

[
log2 p1L + log2 e

− log2 e

1− p1L
− log2(1− p1L) +

p1L log2 e

1− p1L

]

= pL log2
1− p1
p1

+ pL

[
log2 p1L + log2 e

− (1− p1L) log2 e
1− p1L

− log2(1− p1L)

]

= pL log2
1− p1
p1

+ pL log2
p1L

1− p1L

= pL log2

[
1− p1
p1

· p1L
1− p1L

]
(63)

Also, according to (26), we have

∂Ent(p1)

∂p1R
= − ∂p1

∂p1R
log2 ep1 −

∂p2
∂p1R

log2 ep2

= −(1− pL) log2 ep1 + (1− pL) log2 ep2

= (1− pL) log2
1− p1
p1

. (64)

Therefore
∂g

∂p1R
= (1− p1L) log2

1− p1
p1

+ (1− pL) log2
p1R

1− p1R

= (1− pL) log2
[
1− p1
p1

· p1L
1− p1L

]
(65)

Combining (32) and (63), for any attribute ai, i ∈
{1, . . . , D}, we get

(
τ i1L
)2

piL
=

(piL)
2 log22

[
1−pi1
pi1

pi1L
1−pi

1L

]
pi1L(1− pi1L)

piL
. (66)

Using C given by (43), the term (66) can be bounded
by

(
τ i1L
)2

piL
≤ piL

[
log2(Cp

i
1L)− log2(1− pi1L)

]2
pi1L(1−pi1L).

(67)
Developing the term in brackets from (67) we obtain

(
τ i1L
)2

piL
≤ piL

[
log22(Cp

i
1L)− 2 log2(Cp

i
1L) log2(1− pi1L)

+ log22(1− pi1L)

]
pi1L(1− pi1L). (68)

The term log22(Cp
i
1L)p

i
1L in interval [0; 1] takes its

maximum value for pi1L = 1
Ce2 , therefore it can be

bounded by

log22(Cp
i
1L)p

i
1L ≤

log22 e
2

Ce2
. (69)

The term log22(1 − pi1L)(1 − pi1L) takes its maximum
value for (1−pi1L) = 1/e2. Hence the following bound
is true

log22(1− pi1L)(1− pi1L) ≤
log22 e

2

e2
. (70)

The term − log2(1 − pi1L)(1 − pi1L) has maximum for
(1− pi1L) = 1/e, therefore we have

− log2(1− pi1L)(1− pi1L) ≤
log2 e

e
. (71)

Combining bounds (68), (69), (70) and (71) we get
the following inequality
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(
τ i1L
)2

piL
≤ piL

[
log22 e

2

Ce2
+

log22 e
2

e2
+

log2 e

e

]
. (72)

In the same way, the similar bound for term (33) can
be obtained

(
τ i1R
)2

1− piL
≤ (1− piL)

[
log22 e

2

Ce2
+

log22 e
2

e2
+

log2 e

e

]
. (73)

Combining bounds (61), (72) and (73) one can obtain
the bound for (τi)

2

(τi)
2 ≤ log22(2C)

4
+

[
log22 e

2

Ce2
+

log22 e
2

e2
+

log2 e

e

]
= Q(C). (74)

The inequality (74) holds for any attribute ai, in
particular for ai = ax and ai = ay . Therefore we
establish the upper bound for εx,y(1−δ), given by (48),
as follows

εx,y(1−δ) ≤ z(1−δ)

√
2Q(C)√
n

. (75)

EXAMPLE 1
Let us consider a two class case with threshold
th = 0, 01. Suppose that after 10000 observations the
difference gx − gy was equal to 0,09371. We want to
know if we should make a split with 0,95 level of
confidence. From normal distribution tables we get
z(0,95) = 1, 64854. First we need to calculate C

C =
0, 99

0, 01
= 99.

After calculating C we can compute the value of
function Q(C)

Q(C) =
log22 e

2

99e2
+

log22 e
2

e2
+

log2 e

e
+

log22(2 · 99)
4

≈ 16, 22062.

Then, according to (45), we obtain

z(1−δ)

√
2Q(C)√
n

≈ 1, 64854

√
2 · 16, 22062√

10000
≈ 0, 093894 > gx − gy = 0, 09371.

Therefore we should not yet make a split. Assume
that after 10100 observations the difference gx−gy was
equal to 0,09356. Now we get

z(1−δ)

√
2Q(C)√
n

≈ 16, 22062

√
2 · 1, 22062√

10100
≈ 0, 093429 < gx − gy.

This time our result shows, that with 0,95 level of
confidence, gx is greater than gy , so we can make a
split.

EXAMPLE 2

In this example we compare our method with the
McDiarmid bound for information gain [28]. We will
calculate the number of data elements needed to make
a split. Let us consider the following situation. We
calculated the difference Gainax(Z) − Gainay (Z) =
gx − gy = 0, 2479 and we want to know, with proba-
bility 95%, if he should make a split. The number of
classes is K = 2 and the threshold th is 0,02.

a) First we use the McDiarmid bound for informa-
tion gain. According to inequality (20), n is suffi-
cient number if f(Z) = Gainax(Z)−Gainay (Z) >
ε, where ε is given by (19). From equation (21)
we can not compute analytically the number of
data elements. However we can solve this prob-
lem numerically. In this case, for n = 4′345′299
obtained ε was equal to 0,2479000136. This value
is greater than f(Z). Therefore the number of
data is too small. However for n = 4′345′300
the value of ε was 0,2478999886. This value is
smaller than f(Z) and therefore n is large enough
to say that attribute x is better to split than y, with
probability 95%.

b) Now we will compute the sufficient number of
data elements using method presented in this
paper. First we have to calculate C and Q(C)
according to (43) and (44), i.e.

C =
1− 0, 2

0, 02
= 49, (76)

Q(C) ≈ 12, 61905957. (77)

Using inequality (45) we calculate n as follows

gx − gy > z(1−δ)

√
2Q(C)√
n

,

√
n > z(1−δ)

√
2Q(C)

gx − gy
,

n > z2(1−δ)
2Q(C)

(gx − gy)2
.

z2(1−δ)
2Q(C)

(gx − gy)2
≈ (1, 64854)2

2 · 12, 61905957
(0, 2479)2

≈ 1116, 099494

Therefore if the number of data elements is grater
than 1116 then, with probability 95%, a split
should be made.

As we can see the obtained number of data el-
ements in the case of the McDiarmid bound is in-
comparably higher than obtained based on our new
method.
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4 THE GAUSSIAN DECISION TREE
ALGORITHM

Theorem 1 allows us to propose an algorithm called
Gaussian Decision Tree (GDT). This algorithm is a mod-
ification of the Hoeffding Tree algorithm proposed in [7].
For clarity of the pseudocode the following notation
will be introduced:
• gi,q is the information gain computed for the

attribute ai in the leaf Lq .
• nki,λ,q is the number of elements from the k-

th class in the leaf Lq , for which the value of
attribute ai is equal to aiλ.

• nkq is the number of elements from the k-th class
in the leaf Lq .

Table 1: The GDT

Inputs: S is a sequence of examples,
A is a set of discrete attributes,
th is a minimal fraction of elements

belonging to the one class,
δ is one minus the desired proba-

bility of choosing the correct at-
tribute at any given node.

Output: GDT is a decision tree.

Procedure GDT(S,A , th, δ)
Let GDT be a tree with a single leaf L0 (the root).
Let A0 = A
Let C = 1−th

th , last = 0
For each attribute ai ∈ A

For each value aiλ of attribute ai

n1i,λ,0 = 0, n2i,λ,0 = 0.
For each example s in S

Sort s into a leaf Lq using GDT .
For each attribute ai ∈ Aq

For each value aiλ of attribute ai

For each class k = 1, 2
If value of example s for
attribute ai is equal to aiλ and
s is from the k-th class then

Increment nki,λ,q .
Label Lq with the majority class among the
examples seen so far at Lq .
If max {n1

q,n
2
q}

min {n1
q,n

2
q}
< C then

For each attribute ai ∈ Al

For each partition of the set Ai into
AiL, A

i
R

Compute gq(AiL) using
the counts nki,λ,q , k = 1, 2.

gi,q = max
Ai

L
∈Vi

{gq(AiL)}

ax = arg max
ai∈Aq

{gi,q}

ay = arg max
ai∈Aq\{ay}

{gi,q}

Compute ε using formula (46)
If gx,q − gy,q > ε, then

Replace Lq by an internal node that

Fig. 1. The dependence between the value of param-
eter δ and the accuracy of the Gaussian Decision Tree
and the McDiarmid Tree algorithms

splits on ax.
For both branches of the split

Add a new leaf Llast+1 and let
Alast+1 = Aq\{ax} at Llast+1.
For each attribute ai ∈ Alast+1

For each value aiλ of ai

n1i,λ,last+1 = 0, n2i,λ,last+1 = 0.
last = last+ 1

Return GDT .

5 EXPERIMENTAL RESULTS

In this section the performance of the proposed
method is examined and compared with the McDi-
armid Tree algorithm [28] and the ID3 algorithm [24].
Synthetic data were used, generated on a basis of
synthetic decision trees. These synthetic trees were
constructed in the same way as described in [7]. At
each level of the tree, after the first dmin levels, each
node is replaced by a leaf with probability ω. To
the rest of nodes a splitting attribute is randomly
assigned; it has to be an attribute which has not
already occurred in the path from the root to the con-
sidered node. The maximum depth of the synthetic
tree is dmax (at this level all nodes are replaced by
leaves). After the whole tree is constructed, to each
leave a class is randomly assigned. Each synthetic
tree represents a different data concept. Data con-
cept is a particular distribution of attributes values
and classes. In this work twelve synthetic trees were
generated (all of them with ω = 0, 15, dmin = 3 and
dmax = 18) giving twelve different data concepts. The
value of parameter th was set to 0,05. In the following
simulations, for any set of Gaussian Decision Tree
parameters (δ, n), algorithm was run twelve times,
once for each synthetic data concept. The final result
was obtained as the average over all runs.

First we examine the performance of the Gaussian
Decision Tree algorithm depending on the values of
parameter δ and compare it with the performance of
the McDiarmid Tree for the same values of parameter
δ. The experiment was performed on synthetic dataset
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Fig. 2. The dependence between the number of train-
ing data and the accuracy of the Gaussian Decision
Tree and the ID3 algorithms

of size n = 108. In Figure 1 we can see that the
accuracy of the Gaussian Decision Tree algorithm is al-
ways better than the accuracy of the McDiarmid Tree
algorithm. It happens because there are not enough
data elements for the McDiarmid algorithm to make
a split. Therefore only the root is created. However
for n = 108 and th = 0, 05 the Gaussian Decision
Tree algorithm creates more complex tree. We can also
observe that with growing value of δ the accuracy
increases (in the considered interval) but the changes
are small (about 4%).

In the second experiment we compare the accuracy
of the Gaussian Decision Tree algorithm and the ID3
algorithm. Taking into account the results of the previ-
ous experiment we decided to add a new mechanism.
The tie breaking parameter θ was added. Then, if
ε < θ, the split is made. Idea of this mechanism was
introduced in the VFDT system [7]. For this simulation
the value of parameter θ was set to 0, 05 and the
value of parameter δ was set to 10−7. The experiment
was performed on different numbers of training data
elements. The Gaussian Decision Tree algorithm was
tested on dataset size varying from n = 104 to n = 109

but the ID3 algorithm was performed on dataset size
varying from n = 104 to n = 106, because of the
random access memory limits. As we can see in
Fig. 2 the accuracy of the ID3 algorithm is better
than the Gaussian Decision Tree algorithm. For both
algorithms the accuracy is increasing with growing
number of training data elements. For n = 109 the
obtained accuracy was greater than 90%.

We also compare the processing time with the grow-
ing number of training data elements. The results are
presented in Fig. 3. As we can see the ID3 algorithm
is much more time consuming than the Gaussian
Decision Tree. For n = 106 ID3 algorithm needed
about 9941s and the Gaussian Decision Tree algorithm
needed only 33s. The processing time of the ID3
algorithm is growing as fast as a power function of n
whereas for the Gaussian Decision Tree algorithm the

Fig. 3. The dependence between the number of train-
ing data and the processing time of Gaussian Decision
Tree and the ID3 algorithms

processing time increases almost linearly. The memory
consumption is another advantage because for the
Gaussian Decision Tree algorithm, unlike for the ID3
algorithm, it does not depend on the size of training
dataset.

6 CONCLUSIONS

In this paper we considered the issue of mining data
streams with the application of decision trees. The key
point in construction of decision tree is the choice of
the best attribute to split the considered node. We
proposed a new method for deciding if the best at-
tribute determined for the current set of data elements
in the node is also the best according to the whole
stream. The method is based on the Taylor’s Theorem
and on the properties of the normal distribution. It
is mathematically justified by the theorem presented
in the paper. Following the idea presented in [7]
we proposed the GDT algorithm. In the example we
showed that the GDT algorithm dramatically out-
performs the McDiarmid Tree algorithm in the field
of time consumption. Numerical simulations proved
that the GDT algorithm is able to give satisfactory
accuracies in data streams classification problems.
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