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Designing and Learning of Adjustable
Quasi-Triangular Norms With
Applications to Neuro-Fuzzy Systems
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Abstract—In this paper, we introduce a new class of operators
called quasi-triangular norms. They are denoted by H and pa-
rameterized by a parameter v : H(a1,az,...,0,; V). From the
construction of function H, it follows that it becomes a t-norm for
v = 0 and a dual t-conorm for » = 1. For v close to O, function
H resembles a t-norm and for v close to 1, it resembles a t-conorm.
In the paper, we also propose adjustable quasi-implications and a
new class of neuro-fuzzy systems. Most neuro-fuzzy systems pro-
posed in the past decade employ ‘“‘engineering implications” de-
fined by a t-norm as the minimum or product. In our proposition,
a quasi-implication I(a, b; v) varies from an ‘“‘engineering impli-
cation” T'{a, b} to corresponding S-implication as v goes from 0 to
1. Consequently, the structure of neuro-fuzzy systems presented in
this paper is determined in the process of learning. Learning pro-
cedures are derived and simulation examples are presented.

Index Terms—Logical approach, Mamdani
neuro-fuzzy inference systems, triangular norms.

approach,

I. INTRODUCTION

RIANGULAR norms (t-norms, and t-conorms called also
T s-norms in the engineering literature) have been used to
model intersection and union of fuzzy sets, logical conjunction
and disjunction and fuzzy preference (see e.g., [14] and [19]).
For excellent surveys and overviews of various aggregation op-
erators the reader is referred to [2], [5], [11], [14], [16], and
[19]. Apart from traditional triangular norms several modifi-
cations and extensions have been proposed [2], [6], [11], [16].
Among those modifications we cite definitions of ordinal sums,
uninorms, nullnorms and t-operators.

Definition 1: Suppose that {[a;, b;]}iex (a; < b;) is a count-
able family of nonoverlapping, closed subintervals of [0, 1], de-
noted by £. With each [a;, b;] € £ associate a t-norm T;. Let T
be a function defined on [0, 1]? by

ai+ (b - a) Ty { = po b
if (z,y) € [a;, b;]? (1)
min{z,y}, otherwise.

T{:I;:y} =

Then, T is called the ordinal sum of {([a;, b;], T;) };:c x and each

T; is called a summand. It was shown [7] that 1" is a t-norm.
Definition 2: A uninorm is a two-place function U

[0,1] x [0,1] — [0,1] which is associative, commutative,
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nondecreasing in each place and there exists some element
e € [0, 1] called the neutral element such that U(e, z) = z for
all z € [0,1].

Obviously, for e = 1 function U becomes a t-norm and for
e = 0 a t-conorm. For any uninorm we have U(0,1) € {0,1}.

Definition 3: A nullnorm is a two-place function F : [0, 1] X
[0,1] — [0, 1] which is associative, commutative, and nonde-
creasing in each place, and such that there exists some element
k € [0,1] called the absorbing element satisfying F(k,z) = k
for all x € [0,1] and also F(0,2) = = for all z < k and
F(l,z) =z forall z > k.

Note that Definition 3 is a generalization of t-norms and
t-conorms. If k& = 0, we obtain a t-norm; if k& = 1, we get a
t-conorm.

Definition4: A t-operatoris atwo-place function F' : [0, 1] X
[0,1] — [0, 1] which is associative, commutative, and nonde-
creasing in each place and such that

1) F(0,0) =0,F(1,1) = 1;

2) sections x — F(z,0) and x — F(z,1) are continuous

on [0,1].

Definitions 14 are potentially useful to construct various
new neuro-fuzzy systems, however in this paper we intro-
duce another class of functions called quasi-triangular norms.
They are denoted by H and parameterized by parameter
v : H(ai,az,...,a,;v). From the construction of function
H it follows that it becomes a t-norm for » = 0 and a dual
t-conorm for v = 1. In this paper, we also propose adjustable
quasi-implications. Most neuro-fuzzy systems proposed over
the past decade [4], [8]-[10], [12], [13], [15], [17], [18],
[21]-[24] employ “engineering implications” (this terminology
is suggested in [17] and [18]) defined by a t-norm as the
minimum or the product. As a matter of fact, the minimum or
product “engineering implications” describe the conjunction
operation between antecedents and consequences in Mam-
dani-type systems. However, it appears (see Section VI) that
Mamdani-type systems are more suitable for approximation
problems whereas for classification problems logical-type
systems, based on S, QL, R, or other fuzzy implications [3],
may be preferred. Therefore, in our proposition a quasi-impli-
cation I(a,b;v) varies between an “engineering implication”
T{a,b} to corresponding S-implication as v goes from 0 to 1.
Moreover, it satisfies

Ieng(a,b) = T{a,b},

forv =0
I(a,b;v) = {Iﬁmy(a;b) = S{1 —a,b},

forv =1
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assuming that 7" and S are dual triangular norms. It should
be emphasized that parameter v € [0, 1] can be learned from
data. Consequently, we do not know in advance the type of the
system. In this paper, we propose a new class of neuro-fuzzy
systems. The fuzzy inference (Mamdani-type or logical-type)
of such systems is determined in the process of learning. More
precisely, after learning one of the following two possible struc-
tures is established depending on parameter v.

a) The neuro-fuzzy system with an “engineering implica-
tion” operator (t-norm) to describe the relation between
the antecedents and the consequent, and with a t-conorm
for the aggregation of rules.

b) The neuro-fuzzy system with an S-implication operator
to describe the relation between the antecedents and the
consequent, and with a t-norm for the aggregation of rules.

To the best of our knowledge, such a concept has not yet been
proposed in literature by other authors. Neuro-fuzzy systems
have been treated separately (Mamdani-type and logical-type)
in a number of books and papers; see, e.g., [4], [19], and [22].
The type of a system has not yet been determined in the process
of learning. The only relevance to our paper is the idea of Yager
[29] who proposed the ordered weighted averaging (OWA) op-
erator which becomes fuzzy max or min by assigning different
values of the weighting vector. However, Yager’s concept does
not allow to learn a connectivity between the antecedent and the
consequent.

The paper is organized as follows. In Section II, we introduce
the concept of adjustable quasi-riangular norms. In Section III,
we present adjustable quasi-implications. In Section IV, a new
class of neuro-fuzzy systems is presented. In Section V, learning
procedures are derived to learn parameter v (type of the system)
and parameters of membership functions. In Section VI, simu-
lation examples are given.

II. ADJUSTABLE QUASI-TRIANGULAR NORMS

The results of this paper employ a concept of the compromise
operator. A function

N, :10,1] — [0,1] 3)
given by

N,(a)=(1-v)N(a) + vN(N(a))
=(1-v)N(a) +va (@)
is called a compromise operator where v € [0,1] and N(a) =

No(a) =1 — a. } }
Observe that Ny, (a) = N,(1 —a) =1 — N,(a) and

: N(a), forv=
N,(a) = %7 forv = % 5)
a forv =

Obviously, function N,/ is a strong negation (see, e.g., [14]) for
v =0.

Theorem 1: Let T and S be dual triangular norms with re-
spect to the classical fuzzy complement N(a) = 1 — a. The
function H mapping

H:[0,1" — [0,1] ©)

and given by

Haiv) = N, (Si (N (0)}) = Fay (T (N1 ()
D

varies from n the t-norm to the corresponding t-conorm as v
goes from 0O to 1.
Proof: From the assumption, it follows that

T{a} = N(S{N(a1),N(az),....N(an)}). 8

Formula (8) can be rewritten with notation of the compromise
operator (4)

T{a} = No(S{No(al),No(ag),...,No(an)}) (9)

for v = 0. Apparently

S{a}:Nl(S{Nl(al),Nl(a2)7...,Nl(an)}) (10)
forv =1. O
The right-hand sides of (9) and (10) can be written as follows:

H(a;v) = Ny (Siy (N, (a)}) (11)
with v = 0 or v = 1. If parameter v changes from O to 1, then
the result is established.

The following definition comprises the main properties of an
H-function.

Definition 5: An H-function H : [0,1]?> — [0,1] is a func-
tion of two variables: a1, a2, and parameter v that satisfies the
following conditions:

H1) ifa; <agandas < ay,
then H(a1,a9;v) < H(as,aq;v),
for all a1, as,as,aq,v € [0,1]
H2) H(ay,aq;v) = H(az,a1;v),
forall ay, aq,v € [0,1]
H3) H(a1,H(az,as;v);v) = H(H(a1,a2;v),as3;v),
for all a1, as,a3 € [0,1] and v € {0,1}
H4) H(l —v,a1;v) = ay,

forall a; € [0,1] and v € {0,1}.

Observe that the H-function, the t-norm, and the t-conorm
are related to each other in the following way:

T{a}, forv=20
H(ajv) = 1, forv =1 (12)
S{a}, forv=1
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Fig. 1.

It is easily seen, that for 0 < v < 0.5 the H-function resembles
a t-norm and for 0.5 < v < 1 it resembles a t-conorm. The
resemblance is more visible when parameter v is close to 0 or
to 1 (see Examples 1 and 2).

Example 1 (Example of H-Function Generated by the Product
t-Norm): We will apply Theorem 1 to illustrate (for n = 2) how
to switch between the product t-norm

T{ah a2} = H(al, an; 0)

= a10a2 (13)
and corresponding t-conorm
S{al,ag} = H(al,ag; 1)
=a1; +as —ajas. (14)

Following Theorem 1, the H-function generated by formula (13)
or (14) is given by

H(ah az; ’/) = lell(lel/(al)lel/(a2>)
N1 = (1= Ny(an))(1 - Fy(as))) (15)

R
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Three-dimensional (3-D) plot of function (15) for (a) v = 0.00, (b) » = 0.15, (¢) ¥ = 0.50, (d) » = 0.85, and (e) » = 1.00.

and varies from (13) to (14) as v goes from O to 1. In Fig. 1, we
depict function (15) for: a) v = 0.00, b) » = 0.15, ¢) v = 0.50,
d) v = 0.85,and e) v = 1.00.

Example 2 (Example of H-Function Generated by the
Lukasiewicz t-Norm): For the Lukasiewicz t-norm

T{a1,a2} = H(a1,az;0)

= max{a; + az — 1,0} (16)
and corresponding t-conorm
S{a17 a2} = H(a17 a2; 1)
= min{ay + a2, 1} 17
the H-function generated by (16) or (17) takes the form
H(a17 a2; V) = Nl—u(maX{Nl—u(al) + Nl—ll(a2) - 17 0})
= Nl/(min{Nl/(al) +N,,(0,2),1}) (18)

and varies from (16) to (17) as v goes from O to 1. In Fig. 2, we
depict function (18) for: a) v = 0.00, b) v = 0.15, ¢) v = 0.50,
d) v = 0.85,e) v = 1.00.
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III. ADJUSTABLE QUASI-IMPLICATIONS

The next theorem shows how to switch between an “engi-
neering implication” (defined by a t-norm) and an S-implica-
tion.

Theorem 2: LetT and S be dual triangular norms. Then

I(a,b;v) = H(Ny_,(a),b;v) (19)
varies from “engineering implication”
Ieng(a,b) = I(a,b;0)
= T{a,b} (20)
to corresponding S-implication
Ttusay(a,b) = I(a,b; 1)
= S{1 — a,b}. (21)

Proof: Theorem 2 is a straightforward consequence of

Theorem 1. U

Example 3 (Example of H-Implication Generated by the
Product t-Norm): Let

Iong(a,b) = H(a,b;0)
= T{a,b}

= ab (22)

LA
22

3 R
LRLAR
L2
3

3-D plot of function (18) for (a) » = 0.00, (b) » = 0.15, (¢c) » = 0.50, (d) » = 0.85, and (e)r = 1.00.

and
]fuzzy<a7 b) = H(N0<a)7 b, 1)
= S{N(a),b}

=1-—a+ ab. (23)

Then, (19) varies from the “engineering implication” repre-
sented by the product t-norm (22) to corresponding Reichen-
bach fuzzy implication (23) as v goes from 0 to 1. This fact is
illustrated in Fig. 3.

Example 4 (Example of H-Implication Generated by the
Ltukasiewicz t-Norm): Let

Iong(a,b) = H(a,b;0)
= T{a,b}

= max{a+b— 1,0} (24)
and
Ttuzay(a,b) = H(No(a), b; 1)
= S{N(a),b}
=min{l —a+b,1}. (25)

Then, (19) varies between the “engineering implication” repre-
sented by the Lukasiewicz t-norm (24) and Lukasiewicz fuzzy
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Fig. 3.

implication (25) as v goes from O to 1. This fact is illustrated in
Fig. 4.

IV. APPLICATIONS TO NEURO-FUZZY SYSTEMS

In this paper, we consider multiple-input—single-output fuzzy
NFIS mapping X — Y, where X C R and Y C R.

The fuzzifier performs a mapping from the observed crisp
input space X C R" to the fuzzy sets defined in X. The most
commonly used fuzzifier is the singleton fuzzifier which maps
X = [Z1,...,T,] € X into a fuzzy set A’ C X characterized
by the membership function
1, ifx=x

na ) =90 ifx £ x.

The fuzzy rule base consists of a collection of N fuzzy

IF-THEN rules in the form

(26)

IF x1 is A¥ AND
(k) . Ty is A5 AND... )
L z, is AF, @7
THEN yis B*
or
R™ :IFx is A*, THEN y is B* (28)
where x = [71,...,7,] € X,y € Y, A¥ AL .. AF are

fuzzy sets characterized by membership functions g 4« (z;),
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3-D plot of function (19) for the product generator for (a) v = 0.00, (b) » = 0.15, (¢) » = 0.50, (d) » = 0.85, and (e) » = 1.00.

whereas B* are fuzzy sets characterized by membership func-
tions gk (y), respectively, k = 1,..., N.

The fuzzy inference determines a mapping from the fuzzy
sets in the input space X to the fuzzy sets in the output space
Y. Each of N rules (27) determines a fuzzy set B* C Y given
by the compositional rule of inference

BF = Ao (AF — B¥) (29)
where A = AY x A5 x ... x Ak and
Th(X) = par (X)
=T par(X) (30)

is a firing strength of the kth rule.
Fuzzy sets B*, according to (29), are characterized by mem-
bership functions expressed by the sup-star composition

pnpe(y) = sup {ILA' (%) * fhak e ax e (X, y)} (31D
x€

where * can be any operator in the class of t-norms. It is easily
seen that for a crisp input X € X, i.e., a singleton fuzzifier (26),
formula (31) becomes

1Y) = takx..xax e (X, 9)
= Hak— Bk ()27 y)

= I(par(X), ppe(y)) (32)
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Fig. 4.

where I(-) is an “engineering implication” or fuzzy implica-
tion. We note that fuzzy implications should satisfy the condi-
tions of Fodor’s lemma [5] and the most known in literature (see
e.g., [3] and [4]) are S-implications, R-implications, and QL-im-
plications, as we have already mentioned in Section I.

The aggregation operator, applied in order to obtain the fuzzy
set B’ based on fuzzy sets B¥, is the t-norm or t-conorm oper-
ator, depending on the type of fuzzy implication.

The defuzzifier performs a mapping from a fuzzy set B’ to a
crisp point 7 in Y C R. The center of area (COA) method is
defined by the following formula:

J{' yup (y) dy
j=Y 33
Y J wp (y) dy 53

or by

JA =T
S 7 B (T")
N _
>t B (")

in the discrete form, where " denotes centers of the member-
ship functions pp-(y),ie., forr=1,...,N

Y= (34)

ppr (97) = max{pp: (y)}- 35)

3-D plot of function (19) for the Lukasiewicz generator for (a) » = 0.00, (b) ¥ = 0.15, (¢) ¥ = 0.50, (d)v = 0.85, and (e) v = 1.00.

Theorem 3: Let T and S be dual triangular norms. Then, the
neuro-fuzzy system given by

(%) = H (jap (71), - piag (72):0)  36)

I (%,9") = H(N1—, (T(%)), g (57); ) (37)
a‘grr(i7 ZT) = H<Il,7‘(i7 gr>7 . 7IN,T(§(7 y1)7 1- ’/)

(38)

g = Lo 7 agn (X 7) (39)

N i
2= 88T (X, 97)
varies between Mamdani inference (v = 0) and logical infer-

ence (v = 1) as v goes from 0 to 1.
Proof: Forv = 0, (39) takes the form

N 7 - .
21 7 St AT {7k (%), g (57) }}
N - .
Doret Sljcvzl{T{Tk(X): g (77) 1}

It is easily seen that inference in the kth rule is realized by a

t-norm, whereas aggregation of individual rules by a t-conorm.
For v = 1 procedure (39) becomes

SN TN {S{N (1(%))), e (57)})
SN TN {S{N (%), e (57) -

y= (40)

’y:

(41)
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TABLE 1
IMPLICATION AND AGGREGATION OPERATORS AS v/ VARIES FROM 0 TO 1
Parameter v Implication Aggregation
v=0 T{a,b} t-conorm
v=1 s{i—a,b} t-norm
O<v<l H(Kv’l_vfa),h;v) H(n,b:lfv)
v=05 H(a,b:05)=05 | H(a,h0.5)=0.5

Therefore the inference in the kth rule is realized by an S-impli-
cation, whereas the aggregation of individual rules by a t-norm.
Implication and aggregation operators in procedure (39) are
shown in Table I for v € [0, 1]. O

V. LEARNING PROCEDURES

Based on the learning sequence we wish to determine both
parameters of input—output membership functions and param-
eter v in the fuzzy system described by (39). Starting from an
arbitrary initial value v(0) € [0, 1] the system will adopt to the
data and finally establish its structure as Mamdani-type (40) or
logical-type (41). The scheme of (39) is depicted in Fig. 5. The
errors propagated through the net are indicated at the bottom of
Fig. 5.

Remark 1: We will explain the notation used in this section
on a simple example of a single neuron given by

n
s), 8= E T Wi
i=1

where f is a sigmoidal function, z; and w;,i = 1,...,n, are
inputs and weights, respectively. Let d be the desired output
signal. Then, we write

ef=e=y—d
and
e* = el {s}
0]
s
= (y —d)f'(s)

i.e., ef{s} is the error transferred from the output block f to the
summation block s. We use the analogous notation depicted in
Fig. 5.

A. General Procedures

Parameter v and parameters of input—output membership
functions are updated by the recursive procedures

v(t+1) = v(t) - nAv(t) 42)
a;‘,‘ (t+1) = o4 (t) — nAo(t) 43)
Ti(t+1) = ( ) = AT (1) (44)
o (t+1) = o (1) — nAoy’ () (45)
gt +1)=9"(t) —nAy"(?) (46)
where corresponding corrections A are given by
Av = ZZE’@ T{I/}—]—ZEagr{V} 47)
k=1r=1
Agf}k =¢j, {Uz‘,k} (43)
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I 11 11I v

/ — _
Hokr) || o7
( def

4-(—5,}— - g = - ¥ = - £ =
zg‘“{q %)} F‘”{Ih(x 7 )} €““"{agr, (E,J_;")} e=y-d
Fig. 5. Scheme of (39).
Azl =] {zF} (49)
N
Ao =Y e {oP} (50)
r=1
N
Ay = el AT }+Z eri {7} + ey}
k=1 k=1
N
=Y (e Av Y +elido}) + ). 5D
k=1

The errors propagated through the net are indicated at the
bottom of Fig. 5 and satisfy the following relations:

N
e = ch AT(X)} (52)
r=1
e = 8 {11, (%97} (53)
28 = c4Nagr (x,77)} (54)
edef — e =g —d (55)

B. Block of Rules’ Activation

The errors propagated through the block of rules’ activation
(see Fig. 6) are given by

. Omp(x) Omar(Ti)

Flofk} = 56
Er {Uz,k} €L 8/J/Ak (fq) 80_;;7\k ( )
(%) Onar(T:)
Ky _ o7 :
er{ai} =<k Opiar (@) ok (57)
where
aTk(f() _ o B o

Opar(Ti) — Opgr («fz)H (“AT("“)’"W“A}; (xn)vo) .

(58)

The exact form of (58) and other derivatives depends on the
used H-function and input—output membership functions. Some
examples are given in the Appendix.
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Fig. 6. Block of rules’ activation.
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-1—8;,,, {O-: } O—Jf - g,ir
g '} 7 -
R N

Fig. 7. Block of implications.

C. Block of Implications

The errors propagated through the block of implications (see
Fig. 7) are determined as follows:

aIk,r(X7 177‘)
Ei,r{’/} = Ei,r <T

+ a-[k,r(xagr> aleu(Tk(i» aN(V)
ON_,((%)) O(1—-v) v
(59
oI Ks X, y" 8/1’ k(y"
&‘iﬂ, {JE}:ELT aZB(k(yr)) (980,23 ) (60)

I oy I 8Ik,'l“(5(7yr) ap’Bk(gT)

Ek,r{y }_ Ek,r 3#3*’ (,,jr) 87}’“ (61)
I 1 9e(x7") ON1_, (Tk(X))
T = ke o m ™ R @) (62)

where

aIk,r()E:gr)

ov
9 N
= EH(NI—V(TIC()_())M‘B’“(QT); v) (63)
alkyr(i,g’”)
8N1_V(Tk(i))
9 -
=————— H(Ni_(e(X)), gt (§"); v) (64
IR (7e(%) (N1 (Th(X)), e (F7);v) (64)
Ol (X, 7")
Oupr(y)

0

= 65
Oupk () )

H(N1y(1(%)), e (7"); )

-7y} v [~]

<Gy} 0. 67) T 0 k)

-

<, &7}, &5)

Fig. 8. Block of aggregation.

- {TI\

- " fagr (X, ¥ agr, (X,
<" agr, (X, 7 );  agr,

e, .57 g .5

e 1
- t;zﬁ Tz
}
(x

Fig. 9. Block of defuzzification.

D. Block of Aggregation

The errors propagated through the block of aggregation (see
Fig. 8) are given by

dagr, (%, 57) IN(v)

agr _ agr
et{vk =2 (1 —-v) v (66)
- agr,.(X,7")
e e (X, )} = ¥ (67)

aIk,'r ()_(7 gr)

E. Block of Defuzzification
The errors propagated through the block of defuzzification
(see Fig. 9) are given by
Edef{gr}
— Edefﬁdef (a’grl(7 gl)v s 73’ng(27 QN) ) (70)
8:IJT g 20 7gN
etHagr, (%,9")}
2 ol 2 N
ddef <agr1(x, y7)17 AR aﬁ%\gN(’Q Yy ) )
def y,...,y
- (71)
dagr, (X, ")

=&



148 IEEE TRANSACTIONS ON FUZZY SYSTEMS, VOL. 13, NO. 1, FEBRUARY 2005

2) 1.0 b) 1.0 0 1.0
0.8 0.8 1 0.8
0.6 0.6 1 0.6
) £v) £)
0.4 0.4 1 0.4
0.2 0.2 1 0.2
0.0 b 0.0 T T T T T T T T T 1 0.0 T T T T T T T T T T 1
0 59 118 178 237 296 0 140 280 420 560 700 0 30 60 90 120 150
t t t
1.0 1.0 0.15
d) e) f)
0.8 0.8 0.12
0.6 0.6 0.09
L) L) JAQ)
0.4 0.4 0.06
0.2 0.2 0.03
0.0 T T T T T T T T T 1 0.0 T T T T T T T T T 1 0.00 T T T T T T T T T L}
0 49 98 148 197 246 0 21 42 63 84 105 0 10 20 30 40 50
t t t
1.0 1 1.0 1 . 1.0
) h) A A_'l " i)
0.8 1 0.8 A | 0.8
0.6 1 0.6 0.6
£) JAQ) £
0.4 1 0.4 1 0.4
0.2 1 0.2 1 0.2
00 T T T T T T T T T 1 00 T T T T T T T 1 00'
0 248 496 744 992 1240 0 1690 3380 5070 6760 0 248 496 744 992 1240
t t t
. 1.0 1.0 0.5
i) k) )
0.8 0.8 0.4
0.6 0.6 0.3
) ) £(v)
0.4 0.4 0.2
0.2 LA‘ 0.2 0.1
0.0 T T T T T T T T T 1 0.0I T T T T T T T T T 1 0,0 T T T T T T T L} L 1
0 80 160 240 320 400 0 115 230 346 461 57 0 30 60 90 120 150
t t t
m) 1.0 n) 1.0
0.8 0.8
0.6 0.6
JAQ) £)
0.4 0.4
0.2 0.2
0.0 T T T T T T T T T 1 0.0 T T T T T T T T T 1
0 25 50 75 100 125 0 96 191 287 382 47
t t

Fig. 10. TIllustration of the learning of parameter ~. a) Box and Jenkins Gas Furnace, b) Chemical Plant, ¢) Glass Identification, d) Ionosphere, e) Iris, f) HANG,
g) Monkl1, h) Monk?2, i) Monk3, j) Nonlinear Dynamic Plant, k) Pima Indians Diabetes, 1) Rice Taste, m) Wine Recognition, and n) Wisconsin Breast Cancer.

FE Constraint VI. SIMULATION EXAMPLES
Parameter v in procedure (37) and (38) should satisfy the con- In this paper, we simulate the following examples:
dition 0 < v < 1. Therefore, in the process of learning we re- a) Box and Jenkins gas furnace [1];
place v by f.(v) defined as follows: b) Chemical Plant [25];
1 ¢) Glass Identification [26];
a0 @ 9

d) Ionosphere [26];
e) Iris [26];

i f) HANG [25];
Ny(a) = (1= f.(v))N(a) + f.(v)a. (73) g) Monkl1 [26];

~ Lt+exp(=(piv —p2))’
Consequently, the compromise operator (4) takes the form
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TABLE 1I
EXPERIMENTAL RESULTS
Neuro-fuzzy system
with an H-implication

- 5 a ae) B
2 k- 5 =z - £
g E b = 2 = Zs
g § 2 ﬁ ‘= E = =l 1=r!
2 < s| S8 5 o0 5%
= L 2 1= =

5 g | g3 | &5 | g3

- =P @
& z | e EE z &
Box and Jenkins

A | Gas Fumace 0.5 0.0000 0.4973 -
b) | Chemical Plant 0.5 0.0000 0.0060 -
¢} | Glass Identification | 0.5 1.0000 3.33% 3.13%
d) | Tonosphere 0.5 1.0000 1.63% 8.57%
e} | Iris 0.5 1.0000 0.95% 4.44%
f) | HANG 0.5 0.0000 (.1059 -
2 Monk1 0.5 0.0000 0.81% 3.01%
h) | Monk2 0.5 0.0000 9.47% 9.03%
1) Monk3 0.5 0.0000 0.00% 3.01%
. Nonlinear

1 Dynamic Plant 0.5 0.0000 0.0238 0.0133
K) ]];i'gge'r‘;;"a“s 05 | 1.0000 20.80% | 23.51%
) Rice Taste 0.5 0.0000 0.0185 0.0545
m) | Wine Recognition 0.5 1.0000 0.00% 1.89%
m | WisconsinBreast 1 5 11 6000 251% 1.95%

Cancer

h) Monk2 [26];

i) Monk3 [26];

j) Nonlinear Dynamic Plant [27];

k) Pima Indians Diabetes [26];

I) Rice Taste [20];

m) Wine Recognition [26];

n) Wisconsin Breast Cancer [26].

Each of the simulations is designed in the same fashion.

i) In the first experiment, based on the input-output data,
we learn the parameters of the membership functions and
a system type v € [0, 1] of the neuro-fuzzy inference
system described by formulas (36)—(39). In this experi-
ment the neuro-fuzzy system is based on the H-function
generated by the algebraic t-norm (see Examples 1 and 3).
It will be seen that the optimal values of v/, determined by
a gradient procedure, are either zero or one. The results
are depicted in Table II. The learning of parameter v is
replaced by the learning of function (72). The results are
illustrated in Fig. 10 which shows the learning of function
(72) versus the number of iterations. It was assumed that
p1 = 10 and py = 5.

ii) In the second experiment, we learn the parameters of the
membership functions of the Mamdani-type system. As

TABLE III
EXPERIMENTAL RESULTS
Neuro-fuzzy system of
the Mamdani-type
2 =
g s =
E £ £ Z5
E E g B =
@ - 5 e 5 2
= S = = =
£ = w E » =
g g = 3 =%
= Z o -
Box and Jenkins
a) Gas Furnace 0.4912 B
b} | Chemical Plant 0.0059 -
¢) | Glass Identification 4.67% 3.13%
d) | lonosphere 2.03% 11.43%
¢) | lris 0.95% 6.67%
f) | HANG 0.1098 -
2) | Monkl 0.81% 3.01%
hy | Monk2 8.28% 9.95%
i} | Monk3 0.00% 3.24%
. Nonlinear
D | Dynamie Plant 0.0241 0.0132
Pima Indians o o
k) Diabetes 21.60% 25.37%
I} | Rice Taste 0.0186 0.0620
m) | Wine Recognition 0.80% 3.77%
n) Wisconsin Breast 251% 2 44%
Cancer

the “engineering implication,” we apply the product op-
erator. The system is described by (40). The results are
shown in Table III.

iii) In the third experiment we learn the parameters of the
membership functions of the logical-type system. As the
fuzzy implication we apply the Reichenbach operator
given by (23). The system is described by (41). The
results are presented in Table IV.

Analyzing Tables II-1V, we draw the following conclusions.

i) The neuro-fuzzy system (39) becomes of the Mamdani-
type v = 0 for examples a), b), f), g), h), 1), j), and 1).

ii) The neuro-fuzzy system (39) becomes of the logical-type
v = 1 for examples c), d), e), k), m), and n).

iii) The Mamdani-type systems are more suitable to approx-
imation problems, whereas the logical-type systems may
be preferred for classification problems.

iv) Comparing Tables II, III, and I'V, we see that when param-
eter v in system (39) takes the final value equal O (system
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TABLE IV
EXPERIMENTAL RESULTS

Neuro-fuzzy system
of the logical-type
= - ot
2 g8 S ~
3 3 = =
E E Z =g
e g E 2 E &
2 E ca S5
£ g 7 E 7 £
: g s E s
5] Z = [ =
Box and Jenkins
a) Gas Furnace 0.6188
b) | Chemical Plant 0.0066 -
¢) | Glass Identification 3.33% 3.13%
d} | lonosphere 1.63% 9.52%
e) Iris 0.95% 4.44%
fy | HANG 0.1205 -
g} | Monkl 4.03% 9.49%
h} | Monk2 18.34% 22.92%
1) | Monk3 1.61% 5.09%
. Nonlinear
i Dynamic Plant 0.0322 0.0209
Pima Indians o o
k) Diabetes 20.80% 2351%
I} | Rice Taste 0.0198 0.0707
m) | Wine Recognition 0.00% 1.89%
n) CV‘\/lsconsm Breast 251% 1.95%
‘ancer

is of a Mamdani-type) then the performance (rmse or mis-
takes [%]) of the Mamdani-type system given by (40) is
better than the performance of the logical-type system
given by (41). Similarly, when parameter v in system (39)
takes the final value equal 1 (system is of a logical-type)
then the performance (rmse or mistakes [%]) of the log-
ical-type system given by (41) is better than the perfor-
mance of the Mamdani-type system given by (40).

The influence of simultaneous tuning of parameter v and
parameters of Gaussian membership functions in system
(36)—(39) on the final performance is similar to the influ-
ence of tuning only parameters of membership functions
in system (40) or (41), provided that the type of the system
is correctly chosen. Otherwise, tuning of both v and pa-
rameters of membership functions gives better results.

vi) Parameter v after learning does not take any value in the

interval (0,1) because only for v = 0 or v = 1 the
system described by (36)—(39) is well defined (in terms
of a t-norm or t-conorm). It should be noted that function
(72) cuts off the learning process when f,(v) < 0 or
f2(v) > 1.

IEEE TRANSACTIONS ON FUZZY SYSTEMS, VOL. 13, NO. 1, FEBRUARY 2005

VII. FINAL REMARKS

In this paper, we proposed a new class of operators called
quasi-triangular norms. The operators have been applied to de-
sign a new class of neuro-fuzzy systems. At the design stage we
do not assume a concrete form of a fuzzy inference. Therefore,
we applied the H-operators and trained neuro-fuzzy systems
described by (36)—(39). The inference of neuro-fuzzy systems
has been established in the process of learning: either Mam-
dani-type represented by a t-norm or logical-type represented
by an S-implication. When the learning process is finished, the
trained neuro-fuzzy systems based on H-operators take simpler

forms based on t-norms or t-conorms.

APPENDIX
A. Zadeh’s Operator
N(a)=1—-a
ON(a) _ 1
da

B. Compromise Operator

Ny(a) = (1= f:(v))(1 = a) + f2(v)a

8]2”656‘) =2f.(v) -1
ON,(a) _ df.(v)
ov (2a—1) ov

C. Defuzzification Operator

def(ay, a9, ..., an;wi,wa, ... wy,)

= def(a;w) = 7Zi:1 Widi

Odef(a;w)
aaj

= (w; — def(a; w)) L

D iy G
Odef(a; w)
Bwj
da; 1
=(a; —def(a;w)—L | —=——.
(o - attam 50t ) s

D. Gaussian Membership Function

alij(‘r) — _NA('L‘)2 €z 1})
ox ’ 2
8/1'14( ) A(I)z(x — :i)
0T o?
alij(‘r) — A(L)z(x — :i‘)g
3

(74)
(75)

(76)

(77)

(78)

(79)

(80)

1)

(82)

(83)

(84)

(85)
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E. Constraint on v

1
L(z) = 86
) = T e =) 50
where p; = 10 and p2 = 5
of.
OLE) _ (1~ L)) ut) 57)
F. H-Function Generated by the Product t-Norm
H(a;v) =N, [ 1- ] (1= Ny(ai) (88)
i=1
H(a,v) = N,(h(a;v)) (89)
where
hav) =1- ] - Ny(a:)) (90)
=1
OH(a;v) .
oy <<2h<a, V)= 1)+ L) - 1)
(2a; of.
X Z ( f TS f . O1)
u#z
OH (a;v) .
Do, = v H a.))  (92)
uj
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